Ehrenfest time and the coherent backscattering off ballistic cavities 
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If the Ehrenfest time te of a ballistic cavity is not negligible in comparison to its dwell time td , the 
weak localization correction to the cavity's transmission is suppressed proportional to exp(— te/td). 
At the same time, quantum interference enhances the probability of reflection into the mode of 
incidence by a factor two. This 'enhanced backscattering' does not depend on the Ehrenfest time. We 
show that, in addition to the diagonal enhanced backscattering, there are off-diagonal contributions 
to coherent backscattering that become relevant if te > Td. 
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Weak localization and enhanced backscattering are 
two signatures of quantum interference in disordered or 
chaotic conductors 0, |2] ■ Both refer to transmission and 
reflection averaged over an ensemble, e.g., obtained by 
slight variations of the sample shape. Weak localization 
is a small negative interference correction to the transmis- 
sion; Enhanced backscattering is the phenomenon that 
the probability of reflection into the incident scattering 
mode is twice the probability of reflection into a different 
mode. Both weak localization and enhanced backscat- 
tering require the presence of time-reversal symmetry. 
In this letter we consider these phenomena for a two- 
dimensional cavity or 'quantum dot' with ballistic and 
chaotic classical dynamics. For ballistic cavities the un- 
derlying classical dynamics is known to play an important 
role determining the quantum interference effects 

Generally, weak localization and enhanced backscat- 
tering are very closely related phenomena. There is a 
particularly simple argument making this point for the 
case of a chaotic cavity considered here . The chaotic 
dynamics is taken to imply that averages of the squares of 
elements of the cavity's transmission and reflection ma- 
trices t and r are equal, except for the squares of the 
diagonal elements of r, which are a factor two larger be- 
cause of enhanced backscattering [H IE , 

<k„| 2 > =2(|r„ m | 2 ) = 2<|i fcrl | 2 >, ifrn^n. (1) 

Here n and m, which label modes in the left contact, can 
take the values n,m = 1, 2, ... , N%, where N\ is the num- 
ber of propagating modes in that contact, and k takes the 
values k — 1, . . . , JV2, where N2 is the number of modes 
in the right contact. Since unitarity gives 
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one finds that the average of the square of a transmission 
matrix clement is 
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The amount by which (|ifcn| 2 ) is smaller than 1/N is the 
weak localization correction. 




FIG. 1: Schematic drawing of pairs of classical trajectories 
contribution to coherent backscattering (a and b) and weak 
localization (c). 

In order to understand the semiclassical origin of en- 
hanced backscattering, mere inspection of the semiclassi- 
cal formula for the square of a reflection matrix element 



is sufficient. Indeed, one has 
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where a and /3 denote classical trajectories that connect 
the left contact to itself, start with initial transverse mo- 
mentum compatible with mode n, and end with trans- 
verse momentum compatible with mode m, S is the clas- 
sical action (to be specified later), and M a and Mp are 
stability amplitudes. The modes in each contact have 
quantized transverse momentum 



p±(m) = ±irhm/Wj 



1. 
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where Wj is the width of the contact and the subscript 
j = 1,2 refers to the left and right contacts, respectively. 
Enhanced backscattering then follows from the simple 
observation that whereas generically only contributions 
a = (3 contribute to (|7'„ m | 2 ) if n ^ in, (|fnn| 2 ) also 
has contributions from a and [3 being time-reversed tra- 
jectories 0, IE 0- Examples of pairs of time-reversed 
trajectories are shown in Fig. 2Ji and b. Since actions 
and stability amplitudes are invariant under time rever- 
sal, one immediately arrives at the first equality in Eq. 

The semiclassical theory of weak localization is more 
complicated than this. As was first shown by Aleiner and 
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Larkin , weak localization in ballistic cavities is rooted 
in destructive interference of two trajectories that differ 
only near a small-angle self-encounter, where one trajec- 
tory intersects itself and the other trajectory does not, 
see Fig. Since the two trajectories are close every- 
where in phase space (up to time reversal), their action 
difference is small. Aleiner and Larkin's original theory 
was formulated in a language borrowed from the theory 
of disordered conductors; Richter and Sieber showed that 
the same structure translates to the trajectory-based pic- 
ture of Eq. gj (see also Ref.[Tl|). 

Aleiner and Larkin's theory of weak localization in bal- 
listic cavities not only solved a problem, it also pointed 
to a new one: Since weak localization in a ballistic cav- 
ity involves the exponential divergence and convergence 
of trajectories, the complete theory of weak localization 
requires knowledge of the Lyapunov exponent A of the 
classical dynamics in the cavity The Lyapunov ex- 
ponent enters the weak localization correction through 
the Ehrenfest time te, which is the time it takes for two 
classical trajectories initially separated by a phase space 
distance ~ % to diverge and be separated by a classical 
phase space distance |l2j. 
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where the added term does not scale with Planck's con- 
stant. (The channel number N is proportional to h~~ .) 
Since a small-angle encounter contributing to weak local- 
ization has a duration ~ te, the weak localization cor- 
rection is proportional to exrjf— tr/td), where td is the 
cavity's mean dwell time [jj [3, El • Enhanced backscat- 
tering, on the other hand, involves no small-angle inter- 
sections, hence it has no dependence on te- 

Both results, exponential suppression of weak localiza- 
tion with increasing Ehrenfest time and the Ehrcnfcst- 
time independence of the factor two enhancement of 
(|f*rro| 2 ) over generic off-diagonal reflection coefficients 
rptp l 2 ), have a solid foundation, in semiclassical theory 
[ 0, El E| as we ll as numerical simulations [hH Il5| . 
How can they be reconciled? 

The answer to the puzzle, which will be derived be- 
low, is that coherent backscattering involves not only the 
factor-two enhancement of averaged diagonal reflection 
coefficients, but also a slight reduction of off-diagonal 
elements of the reflection matrix if te ^ td. For the 
off-diagonal elements we find, to leading order in 1/A, 
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The reduction of near-diagonal elements in Eq. @ ex- 
plains why the simple connection between weak localiza- 
tion and enhanced backscattering used to derive Eq. © 
above fails if te is not negligible. One verifies that sum- 
mation over all off-diagonal reflection matrix elements 
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FIG. 2: Left: the surface of section of a band, together with 
the definitions of the band's center momentum, momentum 
range r, and momentum width w. The maximal transverse 
momentum is the Fermi momentum pf- Right: a band and its 
image. The image band is the surface of section of the trajec- 
tories in the band upon exit, with the transverse momentum 
p± reversed. 

gives a contribution [—1 + cxp(— te/td)]/A to the to- 
tal reflection probability, which precisely replaces the te- 
independent interference correction from (\r nn | 2 } with 
the same TE-dependence as the weak localization correc- 
tion HlOj. In Eq. © we omitted terms that decay 
proportional to \m — n\~ 2 or faster and have no net con- 
tribution to the total reflection. The full expression for 
(\r nm \ 2 ) is obtained by adding Eqs. ijTSfr. {HI, and (fTHf) 
below. 

We now describe the details of our calculation. In order 
to obtain simple, non system-specific results, we examine 
the chaotic cavity in the limit N — > oo (i.e., h — > 0), while 
keeping te/td fixed. In this limit, the widths of the con- 
tacts scale to zero, Wj oc f/lnA, j = 1,2. The classical 
trajectories entering the cavity through the left contact 
are indexed with the help of their transverse momen- 
tum p± and the coordinate x along the contact's cross 
section. Alternatively, trajectories exiting the cavity are 
indexed with x and minus their transverse momentum. 
On this 'Poincare surface of section', trajectories appear 
in 'bands' that remain close in phase space throughout 
the passage through the cavity [13, • The phase space 
points that belong to a band are concentrated along sta- 
ble manifolds at entry and unstable manifolds at exit. 
The band edges are determined by the contact edges. 
Since the widths W\ and W% scale to zero in the classical 
limit taken here, we can linearize the dynamics within 
each band. While trajectories inside a band have cor- 
related actions, we assume that actions of trajectories 
in different bands are uncorrelated. (This precludes a 
theory of weak localization.) Linearization of the classi- 
cal dynamics inside a band also means that the edges of 
nearby bands are parallel lines in the Poincare surface of 
section. For simplicity, we assume that all relevant bands 
are parallel; we neglect 'folds', bands with a strong cur- 
vature that do not span the entire range < x < W\. 

For each band in the Poincare surface of section refer- 
encing the trajectories at their entrance into the cavity, 
there exists an 'image band' in the Poincare surface of 
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section referencing the trajectories at their exit. This 
'entrance-exit' relation maps the Poincare surface of sec- 
tion onto itself, so that one obtains a connection between 
pairs of time-reversed bands. (Although bands may be 
mapped onto themselves, only pairs of different bands 
can give rise to interference.) 

Each band is characterized by its center momentum 
p(0) at x = 0, its center momentum p{W\) at x = W\ 
and its momentum width w, see Fig. (Note that it is 
implicitly assumed that the cross section is at the lead 
opening.) For a band, we define its momentum range 
as r = \p(Q) — p(Wi)\. For a pair of bands, we define 
their distance d as the difference of the center momenta. 
Both bands in a pair have the same width Since 
trajectories originating from bands a distance d apart are 
correlated for a time A -1 \npp/d 0,0, the dwell time t 
for trajectories in a band a distance d from its image is 

at least ^mini 

with 

t min = (2/X)H PF /d), (8) 

where pp is the Fermi momentum. As the momentum 
width w of a band scales oc exp(— Xt) [l7|. we have 
w -C d, r for a typical pair of bands and for dwell times 
of order td and larger. This allows us to neglect the mo- 
mentum width of bands w with respect their distance d 
or momentum range r in the following considerations. 

It is important to note that in each band there is at 
most one trajectory with given transverse momenta for 
entrance and exit. This is illustrated in the right panel 
of Fig. A trajectory which starts with transverse mo- 
mentum p± = p± (n) starts somewhere on the linear seg- 
ment AB in the figure, which is the intersection of the 
band and the line p± = p±(n). Since the phase space 
points A and B correspond to the band's edge, they are 
mapped to the edges x = and x = W\ of the left con- 
tact upon exit: The image of the segment AB is the line 
A'B' in the right panel of Fig. |21 For an (inverted) out- 
going transverse momentum p± (m) there is at most one 
intersection with A'B'. Note that there is precisely one 
solution if p± (m) is in the momentum range of the im- 
age band and if we may ignore the possibility that the 
lines p± = p±(n) or p± = p±(m) cut the bands close to 
x = or x = W\. This simplification is allowed since in 
the limit considered here all bands are narrow, see the 
discussion following Eq. (JSJ. 

Having found a way to index families of trajectories ap- 
pearing in the semiclassical formula Q , we now describe 
the calculation of the contribution of such trajectories to 
( | r mn | 2 ) . Hereto, we need to specify the action S entering 
into Eq. EJ) 0, 

S = S + p±x - p' ± x' (9) 

where S is the standard coordinate-dependent classical 
action Q and unprimed and primed variables refer to 
entrance and exit, respectively. The last two terms in 



Eq. © are obtained from the lead wave functions and 
cause S to depend explicitly on the precise location of 
the contacts. In the linearized formulation used here, 
the stability amplitude M is the same for all trajectories 
in a band. Neglecting the band width w with respect to 
its momentum range r, \M\ 2 can be estimated as 

|M | 2 = r 2 /p F w. (10) 

Before calculating the quantum-interference correc- 
tions from pairs of time-reversed bands, we calculate the 
leading classical contribution to (|r mn | 2 ) using the band 
picture. The classical contribution to (|r m „| 2 ) follows 
from taking a — (3 in Eq. jljl. In order to find (|r m „| 2 ) 
we need to sum over over all reflection bands for which 
the initial momentum range contains p± = irhn/Wi or 
p_i_ = —nhn/Wi and for which the image band con- 
tains p± = Tthm/Wi or —nhm/Wi. The number den- 
sity n(t) of bands with this property and with dwell 
time t is obtained by multiplying the probability den- 
sity (Ni/Ntd) exp(— i/Tr>) for escape at time t through 
contact 1 by the probability (t/pf) 2 that the band and 
the image band intersect one of the lines p± — ±irhn/Wi 
and p± = zszirhm/Wi, respectively, and dividing by the 
area fraction of one band, w/2pp, 

»(*) = #^-e"*/™ (11) 

NwpFTD 

Dividing n{t) by 27Vi|M| 2 and integrating over time, we 
find the well-known leading-order result 

(|r m „| 2 ) = l/N. (12) 

There are two distinct types of coherent backscattering 
corrections to Eq. i|12fl : From trajectories which start and 
end with approximately opposite transverse momenta (as 
in Fig.^i) and from trajectories for which incoming and 
outgoing transverse momenta are approximately equal 
(as in Fig.^>). We address the former contribution first. 

In order to have an interference contribution from tra- 
jectories with approximately opposite incoming and out- 
going momenta, the momentum distance d of their band 
and image band must be less than the range r of each 
band: only then there exist values of the incoming and 
outgoing momenta that intersect both bands. (Since we 
take bands to be parallel, both have the same momentum 
range r.) For each pair of bands, there are two trajecto- 
ries with incoming transverse momentum ±imh/Wi and 
outgoing transverse momentum ^prtmh/Wi. If n = m 
these two trajectories are time reversed and have the 
same action S. Their interference gives half the standard 
enhancement of (|r„ ra | 2 ). (The other half comes from the 
class of trajectories considered next.) If n ^ m the action 
difference is calculated to be 

AS = 7rh(m - n)r~ l d. (13) 
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In calculating Eq. (|13[) we used the linearity of the band 
and neglected the width of a band, w, in comparison to 
d and r. The sign of the action difference is irrelevant, 
since the sum over trajectories @ contains both AS and 
— AS. In order to find the corresponding interference 
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we need the number den- 



sity n(t, d) of reflection bands that have distance d and 
intersect both p± = ±nnh/Wi and p± = ±mirh/Wi, 



n(t, d) 



Aq(r - | to - n\hn/Wi - d) e -(t-t min /2)/rp 



if < ci < r — \m — n\hn/Wi and t > t mln (d); n(t, d) = 
otherwise. Both the minimum dwell time t m ; n and the 
exponential enhancement factor exp(t m i n /2) follow from 
the correlations of trajectories in nearby bands, see Eq. 
iJHJ and Refs.Ull and 111. Integrating over the dwell time 
t and the band distance d, we then find 
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-(z/0 1/Atd cos(^z), (14) 



where y(l) = l 2 irTb/W\r. 

Contributions of trajectories for which the incom- 
ing and outgoing transverse momenta are approximately 
equal are treated similarly. The main difference with the 
preceding contribution is that, in this case, small action 
differences are found for pairs of bands that are typically 
far from each other. The action difference can be esti- 
mated in exactly the same way as it was done previously, 



AS = irh(m — n) (p + p')r 



(15) 



where p and p' are the center momenta of the two bands 
in the pair taken at x = or x — W . We then find that 
the interference correction to (|r nm | 2 ) from this class of 
trajectories is S\ m _ n > , with [19j 
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Equations 1|14|) and (|16fl contain the main quantitative 
result of this letter. Summation over I gives the coher- 
ent backscattering correction to the total reflection [l4| . 
which now depends on the Ehrenfest time in the same 
way as the weak localization correction and, together 
with weak localization, preserves the unitarity relation 
P)l . Combining both interference contributions and eval- 
uating the integrals in the limit fi — > and for large Atd 
one finds Eq. Q above with the extra condition that 
to — n\ be small in comparison to rWi/h, plus a contri- 
bution that decays faster with I than Eq. (J7J) and sums 
to zero if summed over I in the limit H — > at fixed 
r E /r D . While Eqs. (HJ and iJTEJ) were derived under the 
assumption that all reflection bands are parallel in the 
Poincare surface of section, we verified that relaxing this 
assumption for Eq. I|16[l . where it is most questionable, 



only gives corrections to 5[ that are of order 1/N 2 and 
sum to zero in the limit h — > at fixed te/td- 

In conclusion, we have shown that there are off- 
diagonal contributions to coherent backscattering off a 
ballistic chaotic cavity which are essential if the Ehren- 
fest time te is not small in comparison to the dwell time 
td. To the best of our knowledge, the Ehrenfest-time de- 
pendence of the average reflection coefficients (|r nm | 2 ) is 
the first manifestation of the Ehrenfest-time in a quantity 
that does not involve a summation over lead modes. As 
such, coherent backscattering not only probes the Ehren- 
fest regime for ballistic electronic transport, it also pro- 
vides a method to access the Ehrenfest regime for exper- 
iments with classical waves, such as microwave billiards. 
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